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Abstract

In this paper, a fuzzy mathemati-
cal morphology is defined using con-
junctive uninorms. Implementation
results for two special classes of rep-
resentable and idempotent conjunc-
tive uninorms are presented, prov-
ing that these classes become spe-
cially appropriate for edge detection.
Moreover, open and closed fuzzy ob-
jects are defined using the mentioned
kinds of uninorms which leads us to
prove, for the case of representable
ones, the generalized idempotence
for fuzzy opening and closing.

Keywords: Fuzzy morphology, ero-
sion, dilation, opening, closing, uni-
norms, implicators.

1 Introduction

The fuzzy mathematical morphology is an
alternative extension of binary morphology
to gray-scale morphology using concepts and
techniques from fuzzy set theory (see for ex-
ample [1],[2],[7],[8]). The basic tools of mathe-
matical morphology are the morphological op-
erations on an image A, which are defined rel-
atively to a fuzzy structuring element B, the
size and shape of which can be chosen by the
morphologist in order to analize the structure
of A. Several researchers have introduced al-
ternative morphological operations, a detailed
account can be found in [11], and references
therein.

Following the general framework for fuzzy
mathematical morphology constructed by De
Baets in [2] where he uses “conjunctors” and
“implicators”  in order to define the basic
fuzzy morphological operations, we investi-
gate in [14] which “conjuctive uninorms” (as
a particular case of conjunctors) need to be
chosen in order to preserve the algebraic and
morphological properties needed to obtain a
“good” mathematical morphology.

Our goal is to study, following the frame-
work presented in [14], algebraic and char-
acterization properties of “fuzzy closing” and
“fuzzy opening”, closed and open fuzzy ob-
jects, when we use conjunctive uninorms.
Similar properties are obtained to those de-
scribed by Be Baets in [15] for some particu-
lar conjunctors and, in a most general context
by Bodenhofer in [16]. The paper is organized
as follows. In Sections 2 and 3 we review the
basic definitions and properties of fuzzy logi-
cal operators and those of fuzzy morphological
operators, respectively. In Section 4 we dis-
cuss the properties of open and closed fuzzy
objects and its representations. In particu-
lar, we prove that when we take a “conjunc-
tive representable uninorm” we obtain the so-
called “generalized idempotence law” for the
fuzzy closing and fuzzy opening (see [15]).
Some proofs are omitted to enlarge the last
section, where we display some comparative
experimental results using several conjunctive
uninorms.



2 Fuzzy logical operators

Let us recall the fuzzy logical operators that
we will use throughout the paper. More de-
tails on these operators can be found for in-
stance in [12].

Definition 1. A decreasing and involutive
unary operator N on [0, 1] with N'(0) = 1 and
N (1) =0 is called a strong negation.

Definition 2. An increasing binary operator
C on [0,1] is called a conjunctor if it satisfies
C(0,1)=C(1,0) =0 and C(1,1)=1.
Definition 3. A binary operator T on [0,1] is
called an implicator if it is decreasing with the
first partial map, increasing with the second

one and it satisfies
7(0,0) =Z(1,1) =1 and Z(1,0)=0.

One can construct conjunctors and implica-

tors from each other. On one hand, given an

implicator Z and a strong negation N the bi-
nary operator defined by

Cra(a,b) = N(Z(a, N(b)))

is a conjunctor. On the other hand, given
a conjunctor C and a strong negation N the
binary operator defined by

Ien(a,b) = N(C(a, N (b))

is an implicator. Another way to construct
implicators from conjunctors is by residua-
tion. Given a conjunctor C the binary op-
erator

Zc(a,b) = sup{c € [0,1] | C(a,c) < b}

is an implicator called the residual implicator
of C.

A special kind of conjunctors is given by the
well known t-norms. In fact, fuzzy morpho-
logical operators are usually constructed from
t-norms and, a special kind of them, the nilpo-
tent ones, has been proved to be the most use-
ful in this framework (see for instance [11]).
However, a generalization of t-norms has ap-
peared and has been studied in [10]:

Definition 4. A uninorm is a two-place func-
tion U : [0,1] x [0,1] — [0,1] which is
associative, commutative, increasing in each
place and such that there exists some element
e € [0,1], called the neutral element, such that
Ule,z) = x for all x € [0,1].

It is clear that the function U becomes a t-
norm when e = 1 and a t-conorm when e = 0.
For any uninorm we have U(0,1) € {0,1}
and a uninorm U is said conjunctive when
U(1,0) = 0 and disjunctive when U(1,0) = 1.
Moreover, a uninorm U is said to be idempo-
tent whenever U(z,x) = z for all z € [0, 1].

This kind of operators results specially inter-
esting because of their behavior: like a t-norm
in [0, €)% and like a t-conorm in [e, 1]2. More-
over, note that conjunctive uninorms are par-
ticular cases of conjunctors and consequently
they can be used in fuzzy mathematical mor-
phology.

There are three known classes of conjunc-
tive uninorms ([3]): uninorms in Upn, repre-
sentable uninorms and idempotent uninorms.
The first two classes have been already used in
fuzzy morphology in [9]. Since left-continuity
is essential in order to have “good” proper-
ties, and there is no left-continuous uninorms
in the class Upin, we will only use here rep-
resentable and idempotent, conjunctive uni-
Of course, a fuzzy morphology can
be done using also uninorms in Uy, but all
properties stated and proved in this paper
where left-continuity is required can fail, for
this kind of logical operators. Let us recall
here the definitions and characterizations of
representable and idempotent uninorms, but
more details of these classes can be found in
[10] and [4] respectively.

Definition 5. Let e € (0,1) and let h :
[0,1] — [—o0,+00] be a strictly increasing,
continuous function with h(0) = —oo, h(e) =
0 and h(1) = 4o00. The binary operator U
defined by

norms.

U(a,b) = b~ (h(a) + h(b))

for all (a,b) € [0,1]% \ {(0,1),(1,0)} and
U0,1) = U(1,0) = 0 is a conjunctive uni-
norm with neutral element e. This kind of



uninorms are usually called representable con-
junctive uninorms.

Theorem 2.1. A wuninorm U with neutral
element e € (0,1) is representable if and
only if it is strictly increasing and contin-
uous on (0,1)% and there is a strong nega-
tion N with N'(e) = e, such that for any

(a,b) € 0,11\ {(0,1), (1,0)}
U(a,b) = NUWN (a), N (b))

Theorem 2.2. Let U be a representable uni-
norm with additive generator h, then its resid-
ual implicator Iy is giwven by Iy(x,y) =
hi(h(y) — W) if (zy) € [0, \
{(0,0),(1,1)} and I;4(0,0) = Iy(1,1) = 1.

Between the idempotent uninorms, we will
only use in this paper left-continuous, con-
junctive, idempotent uninorms. However,
note again that any other kind of conjunc-
tive, idempotent uninorms (see [13]) can also
be used in the same way.

Theorem 2.3. A binary operator U is a left-
continuous idempotent uninorm with neutral
element e € (0,1) if and only if there exists a
decreasing function g : [0,1] — [0,1] with fix
point e, satisfying g*(x) > x for all x < g(0)
and g(z) = 0 for all x > g(0) such that, for
all x,y € [0,1], U is given by

Uz, y) =
min(z,y) i y < g(z) and z < g(0)
max(z,y) elsewhere.

Note that given any strong negation N we
obtain a left-continuous idempotent uninorm
just taking ¢ = NV, that we will denote by U™V
On the other hand, the residual implicator of
an idempotent uninorm is given by

Theorem 2.4. Let U be any idempotent uni-
norm with g(0) = 1. The residual implicator
Iy is given by:

Iy(e.g) = {min<g<x>,y>

max(g(z),y)

if y<zx
if y>uw.

Proposition 2.5. (See [6]) Let U be a con-
Junctive uninorm and Iy, its residual implica-
tor.

e The second partial map of Iy is right-
continuous and for all x,y € [0,1], y <
Iu(xaz/{(xvy))

o IfU is left-continuous then so is the first
partial map of Iy, Iy satisfies the ex-
change principle:

Iu(.l‘, IM(y? Z)) - IM(y7 IM($7 Z)),

and also  the  following  proper-
ties: U(x, Iy(x,y)) < y and
Iu(]/[(l',y),Z) = Iu((l?,[u(y,Z)) fOT‘
all z,y,z € [0,1].

3 Fuzzy morphological operators

From the definition of classical erosion and
dilation ([11]) it is clear that the intersec-
tion and inclusion of sets play a major role.
The idea of De Baets ([2]) was to fuzzify
the underlying logical operations, i.e. the
Boolean conjuntion and the Boolean implica-
tion, to obtain a successful fuzzification. An
n-dimensional gray-scale image is model as an
R™ — [0,1] function. It is required that the
gray values of the image belong to the real
unit interval in order to consider an image as
a fuzzy object. Taking two n-dimensional im-
ages A and B, a conjunctor C and an impli-
cator Z, we have the following definitions:

Definition 6. The fuzzy dilation D¢(A, B)
and fuzzy erosion E7(A, B) of A by B are the
gray-scale images defined by

De(4, B)(y) = supC(B(z —y), A()) (1)
Ez(A, B)(y) = nf Z(B(z —y), A(z)).  (2)

Definition 7. The fuzzy closing Ce (A, B)
and fuzzy opening Oc (A, B) of A by B are
the gray-scale images defined by

Cez(A, B)(y) = Ez(Dc(A, B), =B)(y) (3)
Ocz(A, B)(y) = De(Ez(A, B),—B)(y). (4)

Note that the reflection —B of a n-
dimensional fuzzy set B is defined by
—B(x) = B(—x), for all x € R".

Obviously, we can use conjunctive uninorm
and related implicators to define fuzzy mor-
phological operators following the previous



definitions. We investigate in [14] which con-
junctive uninorms need to be chosen in or-
der to preserve the algebraic and morpholog-
ical properties satisfied by the classical mor-
phological operators. Moreover, going so far
than De Bates in [9], it is given in ([14]) suffi-
cient and/or necessary conditions on the con-
junctive uninorms in order to guarantee these
properties.

Given a strong negation N, we define by
(conA)(x) = N(A(x)) the N-complement
conA of a fuzzy set A. Two fuzzy morpho-
logical operations P and @ are called AV-dual
if for any two gray-scale objects A and B it
holds that P(A, B) = conQ(con A, B).

All results in this paper are concerning to a
left-continuous conjunctive uninorm and its
residual implicator Z;;. However, it is known
that the fuzzy dilation and fuzzy erosion are
N-dual if and only if Z = Z¢ nr (or equiva-
lently C = Cz nr), moreover, if the fuzzy dila-
tion and fuzzy erosion are N-dual, then also
the fuzzy closing and fuzzy opening are N-
dual [2]. Hence, to have duality between our
fuzzy morphological operators, we need to use
conjunctive uninorms satisfying

Ty =Tun-

This property always occurs for two spe-
cial kinds of uninorms given in the following
proposition (see [6] and [13]).

Proposition 3.1. The identity Ty = Ty n
is satisfied in each one of the following situa-
tions

i) When U is a conjunctive representable
uninorm and N is the strong negation ob-
tained from the additive generator h of U

by N'(a) = h='(~h(a)).

ii) When N is any strong negation and
U is the corresponding conjunctive, left-
continuous, idempotent uninorm un.

Thus, these two kinds of conjunctive uni-
norms guarantee duality between fuzzy mor-
phological operators. Consequently, they are
the most suitable in our framework.

We summarized in the following the algebraic
properties of the fuzzy morphological opera-
tors needed in the next section (see [14], [11],
for a detailed account of these).

Proposition 3.2. Let U be a left-continuous,
conjunctive uninorm and Iy its residual im-
plicator. Let A1 and As be two gray-scale im-
ages and let B be a gray-scale structuring el-
ement. Then it holds:

a) Er,, Dy, Cuz, and Oy 1, are increasing
in the first place.

b) Moreover, they satisfy:

Ep,(A1NAy, B) = Ep, (A1, B)NEp, (A2, B)
Er, (A1 UAy,B) D Ep,, (A1, B)U Ep,, (A2, B)
Dy(A1 U Ay, B) = Dy(A1, B) U Dy(Asg, B)
Dy(A1 N A2, B) € Dy(Ar, B) N Dy (Asg, B).

The extensivity of the fuzzy dilation and the
anti-extensivity of the fuzzy morphological
operators are ensured by next propositions.

Proposition 3.3. LetU be a conjunctive uni-
norm with neutral element e € (0,1), let Iy
be its residual implicator and let B be a gray-
scale structuring element such that B(0) = e.
Then the following inclusions hold:

Ezr,(A,B) C AC Dy(A,B).

Proposition 3.4. Let U be a left-continuous
conjunctive uninorm and Iy its residual im-
plicator, let A be a gray-scale image and let
B be a gray-scale structuring element, then it
holds

1. The fuzzy closing Cy 1,, s extensive and
the fuzzy opening is anti-extensive:

Ouz,(A,B) CACCyz,(A B).

2. The fuzzy closing and the fuzzy opening
are tdempotent, i.e.:

Cuz,(Cuz,(A B),B) =Cyzg, (A B),
Ouz,(Ouz, (A, B), B) = Ouz, (A, B).
Proposition 3.5. LetU be a conjunctive uni-

norm, with neutral element e € (0,1) and let
Iy be its residual implicator. Let A be a gray



scale-tmage and let B be a gray-scale struc-
turing element such that B(0) = e , then it
holds that

Er,(A,B) COuz,(A,B) C A
C Cuz,(A,B) C Dy(A, B).

4 Closed and open fuzzy objects

The idempotence of the fuzzy closing and
opening when we get U a left-continuous con-
junctive uninorm and Iz, its residual implica-
tor motivate, as in the classical mathematical
morphology, the following definitions.

Definition 8. Let A and B two gray-
scale images We say that A is B-closed
(resp. B-open) if Cyz,(A,B) = A (resp.
Ouz,(A,B)=A).

Observe that, as a consequence of Prop. 3.4,
Cuz,(A,B) is B-closed and Oy 1,(A, B) is
B-open. Moreover, we have the following
proposition that was advanced by De Baets
in [15] without proof. We include it for the
sake of clarity.

Proposition 4.1. Let U be a left-continuous,
conjunctive uninorm and Iy its residual 1m-
plicator. Then it holds:

a) A is B-open if and only if there exists a
fuzzy object F' such that A = Dy(F,—B).

b) A is B-closed if and only if there exists a
fuzzy object F' such that A = Ep,,(F,—B).

Proof. Let us assume that A is B-open. By
definition of fuzzy opening, choosing F =
Ez,(A, B) we have a fuzzy object satisfying
that Dy(F,—B) = A. Now suppose that A
can be represented as A = Dy(F,—B) for
some fuzzy object F'. From Prop. 3.4 we know
that Oy 7,,(A, B) C A. In order to prove the
other inclusion, using Prop. 2.5 and that 7, is
increasing in the second partial map, we have:

Ep, (A, B)(y) = inf Iy(B(z — y), A(z))

= inf Iy (B(z — y), Du(F, = B)(x))

= inf Iy(B(z — y),supU(B(z — 2), F(2)))
> inf fy(B(z —y),U(B(x —y), F(y)))

> F(y).

So, we have shown that ' C Ej, (A, B).
Then, by Prop. 3.2 we have that A C
Out,(A,B). A similar argument proves
b). O

As it was pointed out by Bodenhofer in
[16] opening and closing operators only make
sense if the opening always gives an open re-
sult, and the closing operator gives a closed
result. Moreover, it is desirable to have “ex-
tremal properties”. We see now that this last
requirement is also satisfied by our opening
and closing fuzzy operators.

Proposition 4.2. Let U be a left-continuous,
conjunctive uninorm and I its residual 1m-
plicator. Then the following holds:

a) Oyz,(A,B) is the largest B-open fuzzy
subset of A.

b) Cyz, (A, B) is the smallest B-closed fuzzy
superset of A.

Proof. a) We now that Oyz,(A,B) is
B-open, and, from proposition 3.4 that
Ouz,(A,B) C A. Now let us assume that
E C A and E is B-open. Then, as F is B-
open we have £ = Oy 7,,(E, B). By proposi-
tion 3.2 Oy 7, is increasing in the first argu-
ment, then I/ = OZ/{,IM (E, B) - OLI,IM (A,B)

b) We now that Cy; 1, (A, B) is B-closed and
A C Cyg,(A B). Let E a B-closed super-
set of A, A C E. Also, by proposition 3.2
we know that Cy 7, is increasing in the first
argument, then

Cuz,(AB)CCyzg,(E,B)=E,

because, FE is B-closed. Therefore,
Cu,1,(A,B) must be the smallest B-closed
fuzzy superset of A.

O

Now let us briefly consider the preservation of
B-openness and B-closedness by intersections
and unions, respectively.

Proposition 4.3. Let U be a left-continuous,
conjunctive uninorm and Iy its residual 1m-
plicator. Let Ay and As be two gray-levels im-
ages and B a gray-scale structuring element.
Then, it holds:



a) If A1 and Az are both B-open then, A;UAs
is B-open.

b) If A1 and Az are both B-closed then, A1 N
As 1s B-closed.

Proof. a) If A; and Ay are B-open then,
OL{,ZM(ALB) = Al and Ou’z'u (AQ,B) = AQ.
By proposition 3.2 we have that

AjUAy = OU,IM (Al, B) U OZ/{,IM (Ag, B)

= Du(EIM(Al,B), —B)U DM(EIM (Ag, B),—B)

= Du(EIu(Al,B) U EIM (AQ, B), —B)
C Dy(Eg,(A1U Az, B), —B)
— OZ/{,IM (Al U AQa B)a

thus A1 UAy C Ou’z'u (A1 UAs, B) The other
inclusion is a consequence of proposition 3.4.
Therefore, Ay U Ay = Oy 7,,(A1 U Az, B) and
A1 U Ay is a B-open fuzzy set.

b) Let us assume now that A; and Ay are B-
closed fuzzy sets. Thus, A; = Cy 1,(A1,B)
and Ay = Cy 1,,(A2, B). Then, using propo-
sition 3.2 we obtain the following;:

A1 NAy = CU,IM (Al, B) N CZA,IM (AQ, B)

= EIu (Du(Al,B), *B) N EIu (Du(AQ, B), *B)

= Ez,(Du(A1, B) N Dy(As, B), —B)
2 E7,(Dyu(A1NAg, B),—B)
= CU,IM (A1 N Ao, B).

Thus, A1 N Ay D CL{,IM(Al N AQ,B) and
therefore, using proposition 3.4, A1 N Ay =
CM,IM (Al N AQ,B) and thus 41 N Ay is a B-
closed fuzzy set. O

The previous propositions are valid for any
left-continuous conjunctive uninorm. How-
ever, if we want to have duality between
closed and open fuzzy objects we again need
the two kins of uninorms stated in Prop. 3.1.

Proposition 4.4. LetU be a conjunctive uni-
norm satisfying the condition i) or ii) from
proposition 3.1 then, A is B-open if and only
if the N -complement conrA of A is B-closed.

Proof. We will prove the implication from
right to left. Assume that conA is B-closed,
Cu,,(conyA,B) = conyA. Complementing

both sides, since A/ is an involutive operator,
and closing and opening are N -dual, then we
obtain

OZ/{vIM (A7 B) = CONCM,IZ/{ (CONA7 B) - A

thus A is B-open. The converse holds simi-
larly O

Let us now prove that, using representable
uninorms like in Prop. 3.1, we obtain the so-
called generalized idempotence laws for fuzzy
closing and fuzzy opening. First we need sev-
eral results.

Proposition 4.5. LetU be a conjunctive rep-
resentable uninorm with additive generator h.
For all a,b,c,d,z,y € [0,1], if

U(a,Ty(b,c)) >d, U(x,Ty(y,b) >a

then
U(x, Ty (y,c) > d.

Proof. Cases when U or Z;; admit no represen-
tation through the generator h can be easily
verified separately. In any other case we have:

U(a, Ty (b,c)) = b~ (h(a) = h(b) + h(c)) > d
and
Uz, Tu(y,b)) = b~ (h(z) — h(y) + h(b)) > a.

Since h is increasing, by applying A to the pre-
vious inequalities and adding them we obtain

h(c) + h(z) — h(y) = h(d)
and the proposition follows. O

Proposition 4.6. LetU be a conjunctive rep-
resentable uninorm with additive generator h.
For all a,b,c,d, z,y, z,t € [0,1], if

U(a, Ty(b,c)) > d, U(ce,Tu(z,y)) <=z
and U(d,Zy(x,y)) >t, then

U(a,Ty(b,z)) > t.

Proof. 1t is similar to the previous one. O



Figure 1: Input image used in the experiments

The proof of inclusions concerning fuzzy open-
ing in the following two propositions are quite
similar to those given by De Bates in [15] for
continuous ¢-norms, using in our case Prop.
4.5 and Prop. 4.6. With respect to inclusions
concerning fuzzy closing, their proofs follow
from duality, guaranteed by Prop. 3.1.

Proposition 4.7. Let U be a conjunctive
representable uninorm. If A is B-open and
rang(A) and rang(B) are finite sets, then for
any fuzzy object F it holds:

Ouz,(F,A) COyz,(F,B)CF
and dually
F C Cyg,(F,B) C Cyz,(F,A)

Proposition 4.8. Let U be a conjunctive
representable uninorm. If A is B-open and
rang(A) and rang(B) are finite sets, then for
any fuzzy object F it holds:

Ou,z,,(Ouz,(F,B),A)
= OUJM(OU,IM(F’ A)aB) = OZ/[7IZ/{(F7 A)

and dually

Cuz,(Cuz,(F,B),A)
= CM,IM(CZ/LIM(F? A)¢B) = CM,IM(Fa A)

5 Experimental results

In this section we present some experiments
showing the differences between basic fuzzy
morphological operators using different uni-
norms. The examples presented illustrate the

influence of the choice of the pair (U, Zy) us-
ing both, idempotent and representable con-
junctive uninorms. Our input image, A, is de-
picted in Fig. 1. The structuring element, B,
used for the “fuzzy” operators is represented
by the matrix

0.86 0.86 0.86
0.86 1.00 0.86 (5)
0.86 0.86 0.86

B=e-

where e is the neutral element of the uninorm.

In Fig. 2 we show, from left to right, the
fuzzy dilation, fuzzy erosion and the fuzzy
gradient operator, Dy(A, B) \ Ez,(A, B), us-
ing several idempotent uninorms. ;From top
to bottom we have used U and Z,,n where
N(z) = V1 —22 and N(z) = 1 — z respec-
tively. The corresponding neutral elements
are, e = 1/4/2 and e = 0.5.

Fig. 3 have the same structure that the pre-
vious one. There, we use two different repre-
sentable conjunctive uninorms with the same
neutral element e = 0.5, and the Lukasiewicz
t-norm 77, respectively. From top to bottom,

we use, h(z) =In (ﬁ , he(z) = =g and
the pair (Tr,Ir,) with the structuring ele-
ment obtained taking e = 1 in (5). While
the hard edges are detected very well in all the
cases, it can be observed that the edge-images
obtained using conjunctive uninorms detect
soft edges better than the edge-image with
(Tr,Ir, ). Remark that the pair (17, I7,) is a
pair of t-norm and implicator that guarantees
the fulfillment of all the properties in order to
have a good fuzzy mathematical morphology

([11)).

Acknowledgements

The first author has been partially subsidized
by CICYT under grant TIC2001-0931. The
other two authors have been partially sup-
ported by the Government of the Balearic Is-
lands grant number PDIB-2002GC3-19.

References

[1] Bloch I., Maitre H., Fuzzy mathematical
morphologies: a comparative study, Patt.
Recog., Vol. 28, No. 9 (1995), 1341 - 1387.



Figure 2: From top to bottom, dilation, erosion and gradient obtained using idempotent uni-
norms with negation N'(z) = 1 — 22 and N (z) = 1 — z, respectively

2]

3]

7]

De Baets B., Fuzzy Morphology: a log-
ical approach, in : “Uncertainty Analy-
sis in Engineering and Sciences: Fuzzy
Logic, Statistics, and Neural Network
Approach”, Kluwer, 1997.

De Baets B., Uninorms: the known
classes, in Proc. Third International
FLINS Workshop on Fuzzy Logic and
Intelligent Technologies for Nuclear Sci-
ence and Industry (Antwerp, Belgium),
World Scientific, 1998.

De Baets B., Idempotent uninorms, Fu-
ropean J. Oper. Res., 118(3), pp. 631-
642, 1999.

De Baets B., Generalized idempotence
in fuzzy mathematical morphology, in :
Kerre, E. E. and Nachtegael M. Eds.
“Fuzzy Techniques in image processing”,
Studies in fuzziness and soft computing,
vol. 52, Springer-Verlag, 2000, pp. 58 -
75.

De Baets B., Fodor, J., Residual opera-
tors of uninorms, Soft Computing, Vol. 3
(1999), 89 - 100.

De Baets B., Kerre E., Gupta M., The
Fundamentals of Fuzzy Mathematical

8]

[9]

[10]

[11]

[12]

[13]

Morphologies Part I: Basics Concepts,
Int. J. of Gen. Sys., Vol. 23(1995), 155-
171.

De Baets B., Kerre E., Gupta M., The
Fundamentals of Fuzzy Mathematical
Morphologies Part I1: Idempotence, Con-
vexity and Decomposition, Int. J. of
Gen. Sys., Vol. 23(1995), 307-322.

De Baets B., Kwasnikowska N., Kerre E.,
Fuzzy Morphology based on uninorms, in
Proc. of Tth IFSA’97, pp. 215-220, 1997.

Fodor J.C., Yager R.R., Rybalov A.,
Structure of Uninorms, Int. J. of Uncer-

tainty, Fuzziness and Knowledge-based
Systems, 5 N.4, pp. 411-427, 1997.

Kerre E., Nachtegael M. (Eds.), Fuzzy
Techniques in image processing, Studies
in fuzziness and soft computing, vol. 52,
Springer-Verlag, 2000.

Klement E.P., Mesiar R., Pap E., Trian-
gular norms, Kluwer, Dordrecht, 2000.

Ruiz D., Torrens J., Residual implica-
tions and co-implications from idempo-
tent uninorms, Accepted in Kybernetika.



Figure 3: Fuzzy dilation, fuzzy erosion and fuzzy gradient obtained using representable conjunc-
tive uninorms with additive generator h(z) = In(z/(1 — z)), h(z) = (x — 0.5)/(z(1 — z)), and
the pair (17, I, )

[14] Gonzéalez M., Ruiz D., Torrens J., Al-
gebraic Properties of Fuzzy Morpholog-
ical Operators based on Uninorms, Fron-
tiers in Artificial Intel. and App., Vol.
100 (2003), IOS Press, pp. 27 - 38.

[15] De Baets B., Idempotent Closing and
Opening Operations in Fuzzy Mathemat-
ical Morphology, in Proc. of ISUMA-
NAFIPS’95, pp. 228-233, 1995.

[16] Bodenhofer U., A unified framework of
opening and closure operators with re-
spect to arbitrary fuzzy relations, Soft
Computing, Vol. 7(2003), pp. 220-227.



